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Fig. 2 Comparison between the measured and computed amplitude
of the surface-pressure fluctuations. The unsteady pressure coefficient
K is divided by the amplitude of the angular fluctuation (1 deg).
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Fig. 3 Comparison between the measured and computed phases of
the surface pressure fluctuations.

sured amplitude and phase of the first harmonic of the un-
steady pressure are presented in Figs. 2 and 3 for several values
of the reduced frequency k.

The general agreement is good, except for the phase in the
trailing-edge region at the lower reduced frequency. The ex-
perimental determination of the phase seems questionable,
since the amplitude is very small and the signal becomes
“‘noisy”” due to turbulent fluctuations. Another discrepancy
appears at k£ = 1.5 in the amplitude comparison. Here, a bend-
ing of the wing occurs due to the high frequency, and a plung-
ing motion is superposed to the pitching motion.

Discussion and Conclusion
The overall agreement between the measured and computed
pressure fluctuations over a pitching airfoil seems to validate
the inviscid model in a range of reduced frequencies extending
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up to k = 1.5. The predicted loading of the trailing-edge re-
gion agrees well with the measured values, and no spectacular
deviation appears. The deviation between the theoretical and
experimental data mentioned by Ref. 1 has not been verified,
either for the amplitude or the phase comparisons. Although
the wing section is different (NACA 64A010 in Ref. 1), the
others parameters (amplitude, Reynolds number, reduced fre-
quency) are identical.

The question of whether the Kutta condition is verified or
not depends on the exact meaning given to this condition. As
far as the differential pressure loading in the trailing edge re-
gion is concerned, the condition is verified, at least in the
range of amplitude and reduced frequencies that were investi-
gated. However, the phenomenological behavior of the veloc-
ity as described by Maskell’ cannot be proven, either experi-
mentally, since the flow is viscous, or numerically, due to the
singularity of the solution at the trailing edge in the physical
plane.
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Introduction

APID changes in thermal gradient with respect to time of
an elastic continuum requires that the first law of thermo-
dynamics include rate effects; therefore, the solution for tem-
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perature distribution requires the simultaneous solution of the
thermal and elasticity equations. Nowacki! has developed this
subject very well. Due to mathematical complexity analytical
treatment of such problems is not possible, and thus an effi-
cient, powerful, and general numerical scheme seems essen-
tial. Galerkin’s method, which has been applied to many engi-
neering problems in recent years, seems quite suitable for
treating this class of problems. In that regard, Fletcher? has
presented recently the general application of the Galerkin
method in mathematical problems of mechanics; Eslami and
Salehzadeh? have used this concept to develop a finite-element
scheme to handle coupled thermoelastic problems. This Note
represents a continuation of the work in Ref. 3 and presents a
general approach for the application of the Galerkin method
to coupled thermoelasticity problems.

Governing Equations

The general governing equations of coupled thermoelastic-
ity are!

Tijj = l?u, (1)

e = U + u;;) #)

Tij = Z[LE,'J' + )\Gkka,‘j - (3)\ + 2[1.)0((T - T())(s,‘j (3)
1. To(3N + 2p) .

Tvii_; T—a——(LE—‘L) € = —% 1))

where o;; and ¢;; are the stress and strain tensors, U; the dis-
placement components, 7 the absolute temperature, p and A
the Lamé constants, o the coefficient of thermal expansion, &
the thermal conductivity, « the thermal diffusivity, 7T, the
temperature in the unrestrained state, £ the mass density, and
Q the rate of energy generation per unit volume. When com-
bined, the first three equations yield equilibrium equations in
terms of displacement components as

ptig + N+ i —GA+ 20)a T, =i )

When solved simultaneously, Eqgs. (4) and (5) give the general
solution for coupled thermoelasticity problems.

Application of the Galerkin Metliod

The foregoing governing equations do not have a general
analytical solution, but a finite-element formulation may be
developed based on the Galerkin method. In the following, a
generalized procedure is developed that can be applied to this
class of problems. The solution domain is discretized and in
each element the components of displacement and tempera-
ture are approximated by the following functions*:

u = m)_“,1 Upni(£) - B () ©

T= mi:lmr) o (x9) @

This is a Kantorovich type of approximation, where time and
space dependence are separated into distinct functions. U,,;(¢)
is the component of displacement at each nodal point and
T,.(¢) the temperature at each nodal point. All are functions
of time. The variables ®,,;(x*) and ¥,,(x") are the shape func-
tions. The number of nodal points in the element is taken as ».
Substituting Egs. (6) and (7) into Eq. {(4) and applying the
weighted residual method with respect to the weighting func-
tions ¥,,(x"), the formal Galerkin approximation reduces to

n
> S [mem,,-,- 2 T ¥~ B Uit +%] ¥,4v=0
1Jv

I=1n;i=13 8)
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where 8 = To(3\ + 2p)/k and integration is carried out over
the volume of the element. Similarly, substituting Egs. (6) and
(7) into Eq. (5) and using the weighting functions ®,,;(x*) gives

n

y jV[#Um@mi,kk + A+ 1) Unk i i

m=1
- (3)\ + 2#)‘1 T ‘I,m,i - eUm1¢mtj| by dV =20

I=1n;i=1,3 )
Since the integration deals only with the spatial variables, the

time functions U,,;(¢) and T,,(¢) and their time derivatives are
removed from the integral and thus the two equations become

" 1 o
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m=1 14 Km=1 |4
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These equations can be represented in matrix form and after
assembly the final form of the equilibrium equations for cou-
pled thermoelastic problems is '

AT} + BI{T) + INI{U) = {q) 12
[DI(U} + [EN(T) + IMI{U} = {f) 13)

The initial and boundary conditions are the specified displace-
ments and temperature at the boundary, {U} = (U,} and
{T}=1{T;}.

The column matrices with a superposed dot represent the
time derivative of that matrix, that is, {U} = (d/dr){U}.
Taking the velocity matrix as { ¥V} = { U}, the final form for
the equilibrium equation in terms of a combined matrix {X}
becomes

[C1{x} + [K]{x} = (F} 14
where
{7}
{x} =3 {U} (15)
{vi

The matrices [C] and [K] are defined as

B1}

[C]= é [I] i ----- (16)
L o
13Ty

wi=| | {-m an
E D)
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Fig. 1 Temperature vs axial distance at various times for both ends
free beam.
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Fig.2 Stress vs axial distance at various times for both ends free
beam.

while the force matrix is

fq}
{F}=9 {f} (18)
{0}

This system of equations may be solved for the matrix {X };
stress and strain matrices are obtained easily afterward. The
matrices {g) and {f} in the force matrix are related to the
heat flow and the mechanical forces at the boundary of the
solution domain, which are known from the initial and
boundary conditions.

In order to discuss the method in more detail, a one-dimen-
sional rod problem will be considered. The equilibrium equa-
tion in terms of the axial displacement is

E-——-Ea——=0{— (19)

and the first law of thermodynamics reduces to

FT_1ar_ o
x> «k ot  axot

(20)

Taking a line element of length L, the approximating function
for the displacement is assumed to be linear in x as

u(x,t)=NU; + NU; = (N){U] @n

where the piecewise linear shape function (N) is N; = (L —
X)/L, Nj=X/L, and X = x — x;. Similarly, the temperature
is approximated by

T(x,t)=NT; + NT; = (NY{T) (22)
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Fig. 3 Temperature vs axial distance at various times for cantilever
beam.
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Fig. 4 Stress vs axial distance at various times for cantilever beam.

Applying the formal Galerkin method results in the equi-
librium equation, Eq. (14), where the submatrices are

dN;dN; AN, dN,

. 1| dx dx dx dx
[A]=[D]=S; dx
0| dN; dN;  dN; dN;
dx dx dx dx
_1[ N N
IBI—;HN,.N,. NfNj]dx
dN; . dN,
. NiEx“ Ma
[N]=ﬁgd N N dx (23)
NG NG
The [E] and [M] matrices are
a -1 0 k.
[E]—B-[N]Jr[ 0 1], [M]=f[B] 24
and the force matrices are
__1_ qi _l in
{ql—k{_q}, {f}—E{FXJ (23)

The components in the thermal force matrix {q} are the gra-
dients of temperature with respect to x, thatis g; = k - d7/dX
at x = x; and is the applied or the calculated stress at node i.

Now, consider a beam of constant cross section with free-
free boundary conditions. A means of support may be consid-
ered for the beam so that it stays free from any axial stress at
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the reference time. A thermal and mechanical shock will be
applied to the left end of the beam. The thermal shock is
assumed to be produced by a sudden change in the ambient
temperature. This sudden temperature change is transformed
to the beam by convection, resulting in a large thermal gradi-
ent at the exposed end. This case of loading is a realistic model
of a shock wave formation. The variation of the temperature
and axial stress along the beam is plotted for different times in
Figs. 1 and 2. The same type of loading is imposed for a
cantilever beam and the curves for the temperature and axial
stress variation vs time are shown in Figs. 3 and 4. The main
difference between the results is the value of the stress at the
clamped vs free edges for two different types of beams. For
the free-free beam, the axial stress at the end where the load is
imposed varies, while at the opposite edge this variation of the
axial stress is near zero. On the other hand, for the clamped
beam where its free edge is exposed to the shock, the clamped
edge experiences high variations of the axial stress. The case is
quite relevant and shows the validity and power of the pro-
posed method. ‘

Conclusion

Problems of coupled thermoelasticity, while having a wide
range of engineering applications, have not received a great
deal of attention. The main reasons are complicated analytical
solutions and the lack of a sound numerical method. Bahar
and Hetnarski®® have recently published a series of papers
proposing the state-space approach. That method is, of
course, sound for one-dimensional problems, but application
to two- and three-dimensional problems seems to have some
difficiencies. The method proposed in this Note, which is
based on the Galerkin method, does not encounter any major
deficiencies in its application to two- and three-dimensional
problems and thus at present, seems to be the most appropri-
ate finite-element formulation for this class of problems.
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Nonlinear Free Vibration
of Elastic Plates
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Introduction

HE effect of large deflection on the free nonlinear
vibrations of elastic plates, based on von Karman’s large
deflection plate theory, has been considered by many re-
searchers. By applying Herrmann’s theory, Chu and Herr-
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mann! studied the influence of large deflections on the free
vibrations of a rectangular plate with hinged immovable
edges. By using the first-order approximation to that of Herr-
mann, Yamaki? investigated one-term solutions for simply
supported and clamped plates for free and forced sinusoidal
vibrations. Using the perturbation method of Poincare’s as
modified by Lighthill, Bauer?® investigated the flexural vibra-
tions of plates with simply supported and clamped boundary
conditions, subjected to the step function and the exponen-
tially decaying pulse. The influence of initial membrane
stress on the free and forced nonlinear vibration of beams
and rectangular plates was investigated by Eisley* by means
of a simple extension of the results for the unstressed case by
using single-mode representation.

In this paper, the influence of large amplitudes on free
vibrations of square and circular plates for simply supported
and clamped-in boundary conditions and for immovably
constrained and stress-free edge conditions are studied by ap-
plying Anderson’s>® ultraspherical polynomial approxima-
tion (UPA) technique for solving the nonlinear differential
equation in time. The results of the UPA technique are com-
pared with the elliptic function method (EFM).

Square Plates

The dynamic von Kdrman equations for the free vibration
of plates may be written as

V4F_E[ 62W>2 82W>< 62W>:| "
B 3xdy ax? ay?
*w PF W
L(W,F)=DV*W+ ph —h[
( ) e H? a3

PF *w PF  FW :|

- =0 2
x> ? oxdy  0xoy =

In these equations, the effects of both the longitudinal and
rotatory inertia forces have been neglected and correspond to
the first approximation to those of Herrmann as stated by
Chu and Herrmann.! The boundary conditions considered
are the simply supported (SS) and the clamped-in (CI); and
the edge conditions considered are the stress-free (SF) and
the immovably constrained (IC).? The solution for a simply
supported square plate is assumed to be

W(x,y,t) =hf(t) cos(mx/a) cos(wy/a)
Airy’s stress function is expressed as
F(x,p,t) =F* (x,y)f* (1)
Following Bauer’s® procedure, we get, for the SF case,

FO + (1) + e (1) =0 3)

where
5 T*Eh?
T 3p(1 - 10)a?

e=0.19476(1 — »?)

A similar procedure is followed in other cases, and the
resulting equation is of the form of Eq. (3). The values w?
and e in each case are given in Table 1.

Circular Plates

The dynamic von Karman equations for the free vibration
of circular plates are written as

gip B oW @w .
T or ar? @



